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SUMMARY

A new class of positivity-preserving, flux-limited finite-difference and Petrov—Galerkin (PG) finite-
element methods are devised for reactive transport problems. The methods are similar to classical TVD
flux-limited schemes with the main difference being that the flux-limiter constraint is designed to pre-
serve positivity for problems involving diffusion and reaction. In the finite-element formulation, we also
consider the effect of numerical quadrature in the lumped and consistent mass matrix forms on the
positivity-preserving property. Analysis of the latter scheme shows that positivity-preserving solutions
of the resulting difference equations can only be guaranteed if the flux-limited scheme is both implicit
and satisfies an additional lower-bound condition on time-step size. We show that this condition also
applies to standard Galerkin linear finite-element approximations to the linear diffusion equation. Numer-
ical experiments are provided to demonstrate the behavior of the methods and confirm the theoretical
conditions on time-step size, mesh spacing, and flux limiting for transport problems with and without
nonlinear reaction. Copyright © 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

During the last decade, there has been a significant increase in the use of adaptive stencil
methods for convection-dominated flow and transport problems. In particular, total variation
diminishing (TVD) high-resolution schemes [1-3] have proven to be very effective for a
diverse range of applications. These applications include, for example, inviscid and viscous
flows [4-9], flow and transport in porous media [10—12], and shallow water equations [13, 14].
This body of work has focused predominately on problems such as oscillations near sharp
fronts and excessive numerical diffusion, with little attention given to problems with nonlinear
reaction. Positivity of the approximate solution is sometimes recognized to be a desirable
attribute, but in many applications may not be a strict requirement. Furthermore, standard
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approaches for maintaining, say, concentration C >0 may be inadequate or inaccurate (e.g.
one common strategy is to simply set negative nodal solution values to zero).

In TVD flux-limited methods, a feedback mechanism extracts information from the ap-
proximate solution and uses this information to decide where in the solution domain it is
permissible to increase the accuracy of the difference stencil. A shortcoming of this reliance
on a feedback mechanism is that flux-limited methods are non-linear, even for the case of
linear convection. However, it is increasingly the case that contemporary applications are pre-
dominantly non-linear because of nonlinear reaction terms or constitutive relations. Since these
problems are inherently non-linear to begin with, the added computational effort introduced by
a nonlinear flux-limiting scheme is less significant and worth the potential increase in solution
accuracy. However, the difficulty of preserving positivity of the approximate solution for the
reactive transport problem with these types of formulations still remains.

TVD methods do not necessarily provide positivity-preserving solutions to convection-
dominated transport problems with non-linear reaction terms. Moreover, a lack of positivity
is possible even for simple convection problems in multidimensions, particularly on unstruc-
tured grids. This lack of positivity is in part due to the fact that TVD theory only guaran-
tees positivity for pure hyperbolic conservation laws in one dimension. The theory does not
include problems with diffusion and nonlinear reaction. In recent years, research has been
directed towards developing positivity-preserving flux-limited schemes for hyperbolic prob-
lems on unstructured grids. These schemes usually satisfy a maximum principle or are based
on positivity of coefficients. Both of these properties have the advantage of being relatively
easy to satisfy in multidimensions (see References [14, 15] and references therein). In related
work, the maximum principle was used to ensure positivity of finite-element approximations
to convection-dominated elliptic problems [see Reference [16], references therein]. Recently,
Berzins [17] proposed a modification to the standard Galerkin finite-element mass matrix with
the aim of preserving positivity of discrete solutions for hyperbolic and parabolic PDEs. In
the present work, a new class of flux-limited finite-difference and Petrov—Galerkin (PG) finite-
element schemes are devised for reactive transport problems. These methods employ a new
flux-limiter constraint that is designed to account for diffusion and reaction. In the case of
pure convection, the new constraint reduces to the well-known TVD condition. Hence, we
refer to the schemes as TVD-like methods. The key point is that, in addition to being high
resolution, the resulting approximate solutions are guaranteed to be positivity preserving. An
outline of the paper is as follows.

The class of reaction—diffusion problems to be analysed is concisely stated in Section
2. Then, in Section 3, we give a flux-limited finite-difference formulation for a represen-
tative parabolic convection—diffusion—reaction problem. Conditions for mesh spacing, time-
step size, and flux limiting are given for this formulation that ensure positivity and accu-
racy for solutions of the difference equations. These conditions are obtained by requiring
that the matrix of the final algebraic system maintain three properties during its evolution
in time: (i) positive diagonal entries, (ii) negative off-diagonal entries, and (iii) diagonal
dominance. A matrix with these properties is sometimes referred to as a matrix of non-
negative type [16]. In addition, the right hand side vector is required to always have all
positive entries. We show that if the final algebraic system meets these requirements, the
approximate solution is guaranteed to be positivity preserving as it evolves in time. In
Section 4, we extend the ideas to construct a Petrov—Galerkin finite-element method for
this problem class. The method employs quadratic test functions weighted in the upstream

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 41:151-183



TVD SCHEMES FOR REACTIVE TRANSPORT PROBLEMS 153

direction similar to the classical approach [18]. However, the amount of upwind weighting
introduced is now a function of the approximate solution and is limited using a standard
TVD flux limiter in conjunction with a new limiter constraint that guarantees positivity. As is
typical in standard finite-element approximations, the final form of the algebraic system of dif-
ference equations is dependent on the numerical quadrature employed to evaluate the element
integral contributions. When the element integral contributions are approximated by Newton
Cotes under-integration, we obtain a system matrix identical to that of the finite-difference
method presented previously. It therefore follows that the conditions for mesh spacing, time-
step size, and flux limiting are the same. A related case is then considered wherein all terms
are integrated as before with the exception of the element mass matrices, which are integrated
using a two-point Gauss quadrature (i.e. consistent mass matrix). The key finding here is that
positivity preserving solutions of the resulting difference equations can only be guaranteed if
the flux-limited scheme is both implicit and satisfies an additional lower-bound condition on
time-step size. We show that this condition also applies for standard Galerkin linear finite-
element approximations to the diffusion equation. In Section 5, a non-linear solution algorithm
for the flux-limiting methods is described along with representative numerical examples that
demonstrate the performance of the new methods. Extension of the 1D scheme to two dimen-
sions is briefly commented on in Section 6. A detailed treatment of the 2D extension with
numerical experiments is described in a subsequent study. Concluding remarks are provided in
Section 7.

2. CONVECTION-DIFFUSION-REACTION PROBLEM

We consider flux-limited finite-difference and finite-element schemes for the prototype
non-linear convection—diffusion—reaction (CDR) equation:

ot oOx

oc 0 (D 6C> _oC
0ox

W‘FR(C) on Qx/ (1)

We further assume that coefficient functions v(x), D(x), and reaction term R(C) are sufficiently
well behaved that solutions exist and the subsequent finite-difference and finite-element models
can be constructed to stated accuracy. For convenience, we will restrict the derivation to
essential boundary conditions

C(0,t)=go(t) =0, C(L,t)=g.(t)=0, tel (2)

and initial conditions
C(x,0)=Co(x)=0, xeQ 3)
where () is a one-dimensional domain 2=[0,L], I is the time interval / =(0,7], C(x,t) is

the scalar solution field, and the convective velocity v(x), the diffusion coefficient D(x), and
reaction term R(C') are given real-valued functions of x and C, respectively.
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3. FINITE-DIFFERENCE APPROXIMATION

In this section, we develop a new positivity-preserving, flux-limited, finite-difference approxi-
mation to the CDR problem (1). To begin, let 2 be subdivided into £ segments (cells) with
mesh size h; =x;41 — x;, i €{1,2,...,E}. Let At>0 denote the time-step size and " =nAt,
n=0,1,2... . Let the difference approximation to C at (x;,#") be denoted by ¢/ and let the
time difference approximation be given by

oG, et —en
Nl o 4
a[ m+0 At ( )
where "= (1 — 0)t, + 0t,,,, 0<0<]1.
We denote the approximation to C(x;,#""?) as
Clxi, t" e =(1 = O)c! + Oc! (5)

Next, let the spatial derivatives at (x;,¢") be approximated by the following cell-centered
differences

o/ ocY 11 . .1 o
6x<D (3x>,. ~ |:hi Dyi(ciyy —¢f') — EDmFl(Ci —cy) (6)

and

awcyY 1. .
<6x) ~ Tm[ﬁ+l/2 - fi—l/z] (7)
where A, = (hi +hi—1)/2, Dyi =(Djz1 +D;)/2, and fi11)» denotes the convective flux function
f =wvc at the center of cell i.

Of particular interest here are problems where the reaction term R(c) in (1) has the form

R(C)=R(c)=[Ri(c) — Ry(c)]e (8)

where the individual reaction functions have the property R; >0, k=1,2 for ¢>0. A number
of important reaction problems involve rate expressions that can be recast in this form. These
problems involve rate expressions that are polynomial functions of ¢, rate expressions that
are sufficiently smooth functions of ¢ that can be cast into the appropriate form directly,
or sufficiently smooth functions of ¢ that can be approximated by polynomials. Examples
include zeroth-order kinetics such as radioactive decay (R= —uc, Ry =0 and R, = u, where
u is a decay constant), a combination of first-order and second-order kinetics to represent
population growth (R= ;¢ — wpc?, Ry =y, and R, = urc, where p; and u, are growth and
decline constants) [19], reactions that are fractional order (R= —puc>?, Ry =0 and R, = uc'/?,
where u is a reaction rate constant) [20], and Monod kinetics used to simulate biodegradation
(R=puc/(K +c¢), Ry =u/(K 4 ¢), R, =0, where u is the maximum growth rate and K is the
half-saturation constant [21]; note that in this form R; would have to be linearized by, for
example, using the previous iterate value for ¢ in the denominator).

In practice it has been observed that more robust results are obtained if the reaction term at
time #"*’ is represented by introducing averaging weights oy, k= 1,2. Moreover, we use this
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weighting later in our positivity analysis. Accordingly, let the reaction term be approximated
by

R =(1 — o )RYcl + oy R e ™ — (1 — o) Rl — o RA et )

where 0<o; <1, k=1,2. For reasons that will become clear later, «; and o, will in general
not be chosen equal to each other or to 6. Although this flexibility introduces an O(At)
time truncation error when 6+ a; #a,, it is perfectly permissible since it does not violate
consistency requirements and allows construction of schemes that retain favorable solution
properties such as reduced phase errors and solution positivity. These favorable properties are
due in part to the fact that the sign of reaction term contributions to the final matrix system
of approximate equations can always be made to be positive if so desired. For example when
;=0 and a; =1 in (9), the reaction contributions to the RHS (i.e. at ") and to the LHS
(i.e. at "*1) of the final matrix system of approximate equations will both be positive. Such
positive contributions help guarantee positivity (see the comment after (27)) and alleviate
restrictions on time-step size and mesh spacing.

Using (4)—(9), the cell-centered finite difference approximation of (1) at each interior grid
point x;, i=2,3,...,E, can be written as

C-nJrl —c! HDml n HDmi, n 1-0 Dmi n
(lAtl)hmi = T[Cﬂrl — ]t - Tll[ci — "+ %[CHI —cil
1-60)D,,_ n n
- (h'%[ci —cia]" = Ol fix1a — fimrp]™
— (1= O fis12 — fic1p]" + (1 = 0 R} hyi + 01 R ey
(1 a) R s — R (10)

Following conventional flux-limiter terminology [4, 6], the flux function f =wvc at cell centers
is given by

f+1/2 % (ﬁn—f—fzil)_SIgn(Ul)(l _}‘:’)(fz‘:l—l - in)]’ i:1’27"'7E (11)

where the flux function at node i is f; =uv;c; and the flux limiter A7 = 4;(f") is a function of
the difference ratio f5; at time ¢” given by
n _ ‘fSn
fr=tnte (12)
/R
where we assume that f; | — f; >0 and s =i — sign(v;).
In this study, we consider the following common flux limiter [22]

;H 2ﬁn
4 T+

(13)

For the case of uniform grid size 4, if flux limiter (13) is used in (11), the flux derivative in
(7) will be approximated to second-order accuracy (O(h?)) [2].
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Flux approximation (11) takes on familiar forms depending on the form or values of A.
For example, when A’ = f3/', 0, 1 or 2, flux approximation (11) becomes a two-point upstream-
weighted approximation, a single-point upstream-weighted approximation, a centered-difference
approximation, or a single-point downstream-weighted approximation, respectively. Note that
when 5 #0, 1 or 2, the calculation of f5 at cell centers next to the boundaries (i.e. at x=0
for v>0 and x=L for v<0) may require upwind flux information that is outside the model
domain. In this study we always use a first-order single-point upwind approximation at the
cell center next to the upwind boundary, that is, A7, n= 0, v>0and A}, n= 0, for v<0. This
approach introduces a local first-order truncation error near the upstream boundary and has a
negligible effect on solution accuracy since the significant solution gradients in test problems
considered here are typically located in the interior of the problem domain away from the
boundary. In this case a standard second-order scheme may also be used near the boundary.
For problems where significant gradients occur near the upstream boundary one can use a
first-order approximation in combination with local grid refinement.

Equations (10)—(12), along with (13), define the flux-limited finite-difference approximation
at grid point x;. Observe that because limiter A7 is a function of the approximate solution c”,
the algorithm is nonlinear if any of the weighting parameters 0, o, or o are nonzero, even
if the original PDE problem is linear. Conditions on A and Atz necessary to ensure a positive
and accurate approximate solution are formulated next.

To simplify the following formulation, we restrict our derivation to the case where sign(v)
>(. Incorporating (11) into (10) leads to the following flux-limited finite-difference
approximation to model Equation (1) at each interior grid point x;.

ntl _ .n 0Dml ODm[— 1-0 Dmi
(Fgr ) o= Her = eyt = S = et Sy

At h; hi_y
1 - 0)D,,_ ) ) 9,1"“ )
SO ) = 00— i) = T —
B/L:li_ll n+1 n ( H)ln n
+ (fi— fic))"" = =0)fi — fis)' = —=—(fis1 — /1)
0
DA iy (1 = R+ R
- (1 - aZ)R mz (XZR”-H n+1hml (14)

We next formulate the upwind algebraic equivalent of approximation (14). This upwind form
of (14) allows us to use simple linear algebra concepts to derive functional relationships be-
tween the flux-limiter value, time-step size, node-point spacing, diffusivity, and reaction terms.
These relationships ensure positive approximations to c¢”. In addition, they ensure that differ-
ence approximation (14) is locally O(h?) accurate in a Taylor series sense in those regions
where the approximate solution is sufficiently smooth. To recast (14) into an algebraically
equivalent upwind form, we assume that 0 <|f;|<B<oo for some finite constant B and re-
place the downwind convection terms (i.e, fi.; — f;) in equation (14) with upwind difference

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 41:151-183



TVD SCHEMES FOR REACTIVE TRANSPORT PROBLEMS 157

terms using Equation (12). Collecting terms we obtain
tp(Bet e )
() o 2) o]
o] = oo (Gt rea (s z’ﬁ"n =)
+c! {%(10)((2’:‘111+2’:"‘)+w<1 2ﬂ" >)

—|—(1—O€1)R1111 mi (l—aZ)R :|

n+l1
+c;

el (1= 05 (15)

i
This equation can be written compactly as

an+lcn+l _ E n+1 n+1 an n_ g (163)

il i : ij j l
J#i

where the coefficients in the expression on the left depend on the unknown solution approxi-
mation. We write the corresponding system in matrix form as

An+1cn+1 = F" (16b)

To ensure positivity we require coefficients in (16a) and (16b) to satisfy the following two
conditions:

(1) non-negativeness
ij'?O and Cll'j>0, ]:l—l,l,l+1 i:2,3,...,E (17)
(i1) strict diagonal dominance

§aij<aii i=2,3,....F (18)
i#

We remark that the above conditions are sufficient but not strictly necessary for the numerical

scheme to be positivity preserving.

Theorem
Under conditions of nonnegative initial and boundary data, the approximate solution at each
time step will be nonnegative everywhere provided conditions (17) and (18) are satisfied.
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Proof
The initial data by definition satisfies
>0, i=12,....E+1 (19)

1

It follows on substitution of (19) in the right side of (15) that £° in (16) satisfies
E°>0, i=223,....E (20)
and hence, at each interior grid point i=2,3,...,F

a}i il - Zaz!jcj] =0 (21)
i

Using properties (17) in (21) we have,

ajc} > ming! Y aj; (22)
ST A
and using (18) it follows that
/5> e @)
Jj#i J

Inequality (23) applies at each interior grid point i, until a grid point with a neighbor on a
boundary is reached. Since each boundary value is nonnegative, each adjacent interior grid
point value is also nonnegative. This condition applies to each subsequent interior grid point
and positivity of the approximation everywhere at ¢' is guaranteed. Hence we have

/=0, i=12,...,E+1

Further, because the approximation is nonnegative everywhere, condition (21) is satisfied for
the subsequent time step and the same line of reasoning as for the first time step again applies.
Repeating this process for each time step we get

=0, i=12,... E+1 (24)

and by induction the desired result is proved. |

Now, let us apply this result to our CDR scheme. Analyzing (15), condition (17) is
satisfied if

Dmi—l ;L;l j“;'1—1
hl;l +U,'_1 <1+2ﬂln+12) 20 (25)
hmi Dmifl Dmi }7 )*771 n n
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and

Dy Dy /17 ;"?—1
(1—0)(( h,'_l +h,>+vl<1+2ﬂln_ B
hmi
= (U= oa)Rhmi + (1 — a2)Rihmi) # 70 (27)

Next recall the comments immediately following equation (9). Note here that conditions are
most favorable for (26) and (27) when «; =0 and o, = 1. This observation provides the main
motivation for introducing parameters «; and o, and suggesting the choice 6+ o) # 5.

To simplify the derivation of conditions that must be placed on A! to ensure satisfaction of
(25)—(27), we make the following standard assumption [2, 6] for the flux limiter
A=0, if p'#0 (28)

1

Condition (28) gives rise to two consequences: (i) (14) is a standard O(%) upwinded approx-
imation to (1) when the slopes of the approximate solution have opposite signs at grid point
x; and (ii) A’ >0 when calculated from (13).

Constraint (25) will always be satisfied for each A7 if

D..
o<sAI<2(1 ™ 29
A ( + hivi) (29a)
since A7/p!>0. In convection-dominated problems, the term D,,/(h;v;) is small. Hence, we
choose to replace (29a) by the stronger inequality

0<A"<2 (29b)

which is identical to the standard TVD constraint that imposes a maximum bound on the flux
limiter for hyperbolic problems [2, 6].

Condition (29b) also guarantees that the coefficients of the velocity terms in (25)—(27),
and hence in (15), are always non-negative.

From condition (26) we obtain the time-step size restriction

1 n n
A; # R} — R (30)
where we again choose a stronger inequality by neglecting the diffusion term for a reason

that will be come apparent shortly.
Condition (27) is always satisfied for each x; if

A7 2hi 2 (Dypi1 | Dpi 2(1 — o) ,,
<L ——- = 2 =) gy
0\ ﬁin = UiAt(l - 0) 1% ( hifl T hi ) Ui(l _ 0) Rllhml
2(1 — 062) " o
~ o — o) R —2=G6 1)

since A7 >0. We note that if diffusion and reaction terms are zero, condition (31) reduces to
the standard limiter constraint [6] that is a companion to (29b).
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The diagonal dominance condition (18) is always satisfied if

hmi /’L;l /llrL n n
E + QAUI' (1 + 2ﬁl”’ — > 1 ) — OCllehmi + O(szihml’ >0 (32)
where Av; =uv; —v;_,. Note that because of conditions (29b) and (30), (32) is always satisfied
when Av;=v; — v;_1 >0. However, when Av;=v; — v,_; <0, the following upper bound for

A!/Bl is required to ensure the diagonal dominance requirement is satisfied
/1;1 < 4hm, 40(1erll«

B S 0(Av| — Av)Ar  0(|Av| — Avy)

40(2Rgi

0< 0(Au| - Aw)

hmi+ hmi_zan (33)
Note that this expression implies that H” — co when Av; >0 and therefore guarantees that the
flux limiter is not constrained by (33) when Av; >0.

In practice, 4; is bounded above by relationships (29b), (31), and (33); that is

A< min(2, f'G", frH") (34)

In most practical applications, G" <H" since |Av;| will typically be small relative to v;.
Relationships between At¢ and #,; can be determined from expressions (31) and (33) by
satisfying their lower bounds. That is

2'hmi 2 Dmi—l Dmi 2(1 — OC]) R’ilhml 2(1 — O(z) Rghml
_z iftmi i o>
A1 - 0) v,-( iyl )+ 1-0 o  (1-0 u 0 63
and
o ST L T (36)

0(|Av;| — Av)Ar — 0(|Av| — Avy) 0(|Av| — Av)

For convenience of interpretation, we introduce the cell Courant, Peclet, and Damkholer
numbers, respectively,

Copy = 2! (37)
hmi
U.
Pui = ’ 38
2(Dyi—1/hi—1 + Dyi/hy) (38)
and
Rn'hmi
Zki: k;i , k=12 39)

Then (35) and (36) imply that the cell Courant number satisfy

1
CO}”'

ais

0
> max<20(|Avi| — Av)+ oD}y — 0Dl

(1= )2+ Bui) + (1 — 0)Dl Ry — (1 — >Da1f’°e”f),0) (40)

Pevi
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Table 1. Conditions for cell Courant number and time-step size.”

Convection dominated Diffusion dominated

PRy — 00 v—0
0 0%} Con < Copi < At
0 0 1/((2/Rui + 1) + Da2i) 1/(1 + Dax) 12/(2D + Ryh?)
0 1/2 2/(2(2/Pyi + 1) + Da2i) 2/(2 + Dai) 21% /(4D + Roh*)
0 1 1/(2/Rwi + 1) 1 /2D
1/2 0 2/((2/Rvi + 1) + 2Da2:) 2/(1 + 2Da2i) W /(D + Roh*)
12 1/2 2/((2/Rvi + 1) + Dazi) 2/(1 + Da2i) 21* /(2D + Rah?)
1/2 1 2/(2/Ruwi + 1) 2 /D
1 0 l/DaZi l/DaZi 1/R2
1 1/2 2/Dasi 2/Dani 2/R>
1 1 00 o) 00

*a1 =0 for all cases.

Remarks

In practice, expression (40) is used to determine the upper bound on At. If we ignore the
contributions on the RHS of (40) from D,y; in the first term and D,;; in the second term,
expression (40) can be simplified to yield the stronger inequality

1 P
Coy; < min , <« - (41)
%HAM' o AU,') + (xngl[ (1 - 0)(2 +Pevi) + (1 - a2)Dazl‘Pevi)
From (41), we find that in the convective limit P,,; — oo
Cop; < min ! ! (42a)
hi X 5 n
0 (au) - Av)+ apn, = O+ —2)D)
2Ul'
and in the diffusive limit v — 0, this implies
hmi
At< (42b)

(1 - 0)(Dmi—1/hi—l +Dml/hl) + (1 - OCZ)Rg,'hmi)

Table 1 summarizes limits for Co, and Af given by (3.39) for cases where Av;=0, grid
spacing is a uniform 4, the diffusion coefficient is a constant D, and 6 and o, take on values
of 0, 1, and 1. To simplify the limit expressions we set oy =0.

From Table I we see that the limits for Co, and At are independent of the reaction terms
whenever a; =0 and o, = 1. These cases have favourable solution properties (see comments
following equations (9) and (27)) and permit the largest Courant number and time-step size
for 6=0, 1, and 1, respectively. Note that the limits for Co, and Ar are determined by the
reaction terms only when =1, except in the case o, = 1.
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4. FINITE-ELEMENT APPROXIMATION

Next we develop a finite-element Petrov—Galerkin formulation for the prototype convection—
diffusion—reaction problem. This formulation employs quadratic test functions weighted in the
upstream direction similar to the classical approach [18]. However, the amount of upwind
weighting introduced now depends on limiter (13) and constraint (34). As is typical in stan-
dard finite-element approximations, the final form of the algebraic system of difference equa-
tions is dependent on the numerical quadrature formulae employed to evaluate the element
integral contributions. When the mass and reaction matrices are lumped by Newton-Cotes
under-integration and the remaining contributions are integrated with the usual Gauss rule we
obtain a system matrix identical to that of the finite-difference method presented previously.
It therefore follows that conditions for mesh spacing, time-step size, and flux limiting are the
same. We then consider the case wherein all terms are integrated as just described with the
exception of the element mass matrices, which are integrated using a two-point Gauss quadra-
ture (i.e. consistent mass matrix). We find that positivity preserving solutions of the resulting
algebraic equations can only be guaranteed if the flux-limited scheme is both implicit and sat-
isfies an additional lower-bound condition on time-step size. We show that this condition also
applies for standard Galerkin linear finite-element approximations to the diffusion equation.

Returning to the governing equation (1) and introducing a test function w, we proceed in the
usual manner from weighted-residual concepts to construct a weak semi-discrete formulation
as follows. Projecting with the test function and applying the Gauss-divergence theorem to
both the diffusion and convection terms, the semi-discrete weak integral statement is: find
C € H satistying the essential boundary conditions (2) and initial conditions (3) such that

w dx = /[ < ac>+ cg + R(C)w|dx (43)

holds for all admissible we W with w=0 at x=0 and x=L. Here H and W denote trial and
test spaces.

Introducing the finite-element discretization and trial and test subspaces H), and W, of H and
W respectively, we obtain from (43) a corresponding Petrov—Galerkin finite-element problem:
For te€l, find c € H, satisfying the essential boundary conditions and initial conditions and
such that

0

ﬁc LT ow, oc owy

for all w, € W, with w, =0 at x=0 and x=L. In (44), f again denotes the convective flux
function f =wvc.

In the Petrov—Galerkin method developed here, the trial and test spaces consist of standard
piecewise linear functions and quadratic upwind biased functions, respectively. It is important
to note that the amount of upwind biasing specified in the test functions will be an explicit
function of the approximate solution c¢. This explicit function is constructed based on flux-
limiting ideas with the positivity preserving algebraic analysis presented in the previous section
now adapted to the PG framework presented here.

As in Section 2, let Q=[0,L] be subdivided into £ segments (elements) with mesh size
hi=x;41 —x;, i€{1,2,...,E}. The approximate solution can be expressed in the standard way
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as the product series expansion

E+1
c(x,t)= Zl ci(t);(x) (45)
=
where ¢;(¢) are the unknown nodal approximate values and {¢,} denote the familiar Lagrange
piecewise-linear ‘hat’ functions

1 _x; i
HO=3(1+0). )= o ey
1 e w0
1 _ _ XX — X o
HO=301 -0, (W)= =T s S xefn]

on the patch for node j and ¢;(£) zero otherwise.
We use the group variable approximation for the convective flux function f =wvc. That is

1 1
fn) =vc=Eil ﬁ(r)@(xh%l b () (@7)
j= j=

Upwind test functions {wy} are solution-dependent and based on the standard form (for
example, see References [18,23])

Wy = ¢; + sign(U)%(l - &), xe€xi_1,x]
5 (48)
Whi = Qi — sign(U)Ti(l - 52)5 X € [x;,Xiq1]

on the patch centered at node i with the maps £(x) defined as before and where upwinding
parameter ! specifies the amount of upwind bias desired at ¢". In this study, o/ is formu-
lated so that the PG scheme is spatially higher-order accurate (based on local Taylor series
truncation error) in regions where the solution is sufficiently smooth and first-order accurate

otherwise. Specifically we set

o =c(1 =), x€[xi_1,x
( ) [xi—1,%;] (49)
P =0(l—A%), x&l[x,xip]

where ¢ is a constant, the magnitude of which depends on the numerical quadrature formula
used to evaluate the element integral contributions involving /. For example, in (49) o takes
on values of 3 or 1 if two-point Gauss quadrature or two-point Newton—Cotes quadrature is
used, respectively. The ‘limiter values’ A” and A% in (49) are defined locally by

/’Vi :/’Lifl(ﬁ;’lfl)’ ;L’i:/l[([;[n)’ U>O

/Vi = }Li+1(ﬁ;l+1 ), AL =x(B"), v<0
where f and A are defined previously in (12) and (13), respectively. Note that choices 4 =1
and 2! =0, respectively yield the standard Galerkin and fully upwinded PG approximations to

the convective term. Lastly, we see from (49) and (50) that ! is a function of the gradient
ratio f3, with its specific form dependent on the flow direction.

(50)
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Introducing expressions (45) through (50) into (44) and using the variably weighted time-
stepping scheme (15) and reaction term approximation (9), the non-linear system again has
the form

N1+1cn+1:Bn n_ gn (51)

where

1 awnJrl 0 OWnJrl
An+1 At‘/ n+]¢jdx_|_ 0/ |: hi aﬁ/ + hl j¢j:|

x

L

- / wi Ry — aa Ry ¢y dx (52a)
0

1 ow' 8 8w

e [ [ [0 5 ]

L

+ /0 WAL — a)RY, — (1 — 2)RY, 1y e (52b)

As in the previous finite-difference scheme (16b), conditions on A7 and A¢ must be imposed

to ensure that the PG approximation given by (51) is positive and higher-order accurate
(based on local Taylor series truncation error) in regions where the approximate solution
is sufficiently smooth. In this study, we consider the case where the integrals in (52a) and
(52b) are ‘lumped’ by integrating approximately using a two-point Newton—Cotes formula,
with =1 in (49). Performing these integrations and assembling the element matrices, the
resulting discrete finite-element approximation at each interior grid point x; is

CI{H_I - cln eDml n+1 QDMi—] n+1 (1 — Q)Drm n
<At) R = Ti(cm ) i (ci—cim)"™ + T(Cm —¢i)

1-0 Di— n n
—%(ci—c,-_n 00~ fia)™

lewl n+l

(firr — £y + ”(f fio )

a 9)1 a 9)A,1

—(1=0)fi — fi-)' — ——"—(firn = f)' + (fi = fiz1)"
+(1 — 0 )th i hm, + OCan+1 n+l/’l
— (1 = 02)REC My — 02 RS P (53)

where we have reintroduced the notation for the flux function f;=w;c; at node i (see Equa-
tion (11)). This finite-element approximation is identical to the finite-difference approxima-
tion (14). Therefore, the analysis following (14) applies here as well, so constraints (34)
and (40) again define the conditions on A7, & and Atr necessary to ensure a stable, positive,
and accurate solution. We remark that (53) would also be obtained if ¢ =3 in (49) and the
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middle integrals in (52a) and (52b) were evaluated using a two-point Gauss formula instead
of the Newton—Cotes formula.

We next consider a consistent mass-matrix case where the first integrals in (52a) and (52b)
are evaluated approximately using a two-point Gauss formula while other integrals in (52a)

and (52b) are treated as before. We begin by going directly to the resulting representative
finite-element approximation corresponding to (53)

1 [t =y 2 (et — ¢l 1 (] —cr
i i— h[ hm[ - i+1 i+1 hl
6 ( At 1t3 ( At ) *% At

= %(Ci+] -t — HDW e — o)™ + (l_him(cz#l —¢)'
i l 1 i
_ %(a ) = 0(f— fi !
Hi"Jrl ol
ivr = Y4 2= o = (= O = S
o ew (1 -

0)A
——(fin = ff)"+7”(f Jirt)' (1 = o)Ry;¢} h

—|—OC Rn-H n+lhmz _(1 _OQ)RZz R OCan+l n-Hh (54)

Following the development presented in Section 3, Equation (54) can be expressed in a form
corresponding to Equation (15):

D, . )nJrl /II_H-I h.

o+l mi—1 ) i1 M-l

€i-1 [G< By U (1 ST 6A
2hmi Dmifl Dmi n+l n+1 n+1
3At * 9(( hi_y + h; ) - Ui( B"H - — ki oni & 1Ry i

D,,; h; h; w M

_ {1+1 m. L n _ mi—1 i Tl

it [0~ ) =i [ + (-0 (et o (” 7 5)]

n 2hmi N _ Dmifl Dmi ) _ —1
+C”[3Az (1 9)(( ot hi>+”’(1+2ﬁ" ))

h ml
— (1 —a)R A + (1 — fxz)RSihm,} + iy [6A +(1-0) A } (55)

1

n+1
+c;

Analysing (55), the positive coefficient condition (17) is satisfied if

W
_r < .
P 60D, (56)
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We remark that (56) implies positivity preserving solutions for the consistent mass matrix
case are only guaranteed for § > 0 and D,; > 0.

Vi Vi hici Dpi—
Ui—1 <1 + 2ﬁin+1 - 7 = 06t - hi (57)

Dmifl Dmi
(1_9)(< hi—l + hi )

o (I—w) (1—w) 2hmi
+ U; (1"’2[3[” - 2 )_ (1_9) 1jhmt+ (1_9) 2jhmz #3At (58)

and

Since the lower bound of expression (57) is less than or equal to zero in accordance with
condition (56), it is sufficient for each A7 to again satisfy (recall (29)),

0<A7<2 (59)
Also, (58) is always satisfied for each x; if
;‘«,r'l 4hmi 2 Dmifl Dmi 2(1 - al) n
<L Mz S prp
O\ ﬁi” = 3U,A[(1 — 8) U; ( hi—l hi ) + Ul‘(l — 0) llhml
2(1 —op) ., m
w1 =0) Sihmi —2=G (60)
since A7 >0.
The diagonal dominance condition (18) is always satisfied if
hmi 0 l:’l )“tr’lfl nh n 5
A+ (v —vic1) 1+2Bin+1 ) — 0 R A + 02 Ry i 0 (61)

which leads to the condition

A 4hyi 4o R, 4oy RY, .
i g ARy S
O< ﬁ[n = 39(‘AU,| — AUI)At + 9(|AUI‘ — AU,‘) hm’ 9(|AU,| . AU,') hml 2 H (62)
From (59), (60), and (62)
i < min(2, f/G" frH") (63)

Finally, again introducing cell Courant, Peclet, and Damkholer numbers (37), (38), and (39),
respectively, we obtain the condition

1 30 n n
Cor > max(zvi(|Avi| — Av) + oDy — D

ais

3((1 B 0)(2 +Pevl) + (1 B OCZ)D::szevi - (1 - OCI)DZ'”Pew') 0) (64)

2Pevi

and, in addition to (64), At must satisfy the minimum time-step size requirement given by
condition (56).
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Table II. Conditions for cell Courant number and time-step size.*

Convection dominated Diffusion dominated

Ry — 00 v—0
0 o0 Copi < Copi < Ar<
0 0 2/(3(2/Bui + 1) + 3Da2i) 2/3(1 4 Dyai) 21 /3(2D + Rok?)
0 1/2 4/(6(2/Pyi + 1) + 3Dui) 4/3(2 + Dai) 4h*/3(4D + Ro1?)
0 1 2/(3(2/Rvi 4 1)) 2/3 W /3D
1/2 0 4/(3(2/Rvi + 1) + 6Dy2:) 4/3(1 + 2Dyy) 2R /3(D + Roh?)
12 12 4/(3(2/Ruwi + 1) + 3Da2s) 4/3(1 + Da2i) 4n*/3(2D + Rok?)
1/2 1 4/(3(2/Rvi + 1)) 4/3 203D
1 0 2/3pai 2/3Dai 2/3R;
1 1/2 4/3pani 4/3Dqi 4/3R,
1 1 00 00 00

"oy =0 for all cases.

Remark
Following the line of reasoning presented in Section 3 for Equations (41) and (42), we obtain
from (64) the simplified Courant condition

1 2Peri

Cons min . al w4 gy, OO o) + (=D ) %)
In the convective limit P,; — oo (65) simplifies to
Copi < min | = 1 "3((1—0) +%1 —)D") (66a)
Z—Ui(mv[\ — Av) + oy Dl 2/ a2
and in the diffusive limit v — 0 we now get
Ar< 2, (66b)

3((1 - 0)(Dmi—1/hi—l +Dmi/hi) + (1 - OCZ)Rgihmi)

Table II presents limits for Co, and Af given by (66) for cases where Av; =0, grid spacing
is a uniform A, the diffusion coefficient is a constant D, and 0 and o, take on values of 0, %,
and 1 as indicated. As before we set a3 =0.

The results in Table II can be compared with those in Table I for the finite-difference
scheme (and, equivalently, the lumped finite-element scheme). We immediately see that for
the consistent finite-element scheme, all limits are reduced by a factor of 2/3 as compared
to the finite difference and lumped finite-element schemes. Again we see that the limits for
Co;, and At are independent of the reaction terms whenever o; =0 and o, =1 and permit the
largest Courant number and time-step size for =0, %, and 1, respectively. As before, limits
for Co, and At are determined by the reaction terms only when 6 =1, except in the case
Oy = 1.
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5. NUMERICAL STUDIES

We present results of several numerical experiments that were designed to assess the per-
formance of the new flux-limited reactive transport methods. The test cases include both
hyperbolic and parabolic transport problems with (and without) reaction.

5.1. Solution algorithm

The following solution algorithm is applied in the numerical experiments. Recall that the flux-
limited scheme presented here is a nonlinear scheme if any of the weighting parameters 0,
oy, OF oy are nonzero, even if the original PDE problem is linear. Therefore, the solution ¢"*!
at the end of the time step must be obtained by iterative solution of a system of nonlinear
equations using, for instance, successive approximation, Newton iteration or a similar scheme.
For example, in our time stepping scheme the solution at the end of the previous time step
provides a good starting iterate and successive approximation is a natural choice in view of
the structure of the non-linear coefficients in (16b) or (51). Let £ denote the iteration level
in a successive approximation scheme within each time step. The system of equations (16b)
or (51) is then linearized at each iteration by evaluating the coefficient matrix at the current
iterate. That is at each time step n, solve the linearized system

ALk Lkl gk (67)

for each iterate k=0,1,2... .
A simple solution algorithm for the new positivity-preserving difference scheme follows as:
For time step n until N steps
Post-process the solution at ¢” to obtain f” and A/ (from Equations (12) and (13)) at
each interior node point i. (During this step, constraint (34) on A4; must be checked. If the
computed 4; exceeds the acceptable limit defined by the minimum value of (34), it is set
equal to the acceptable limit. In the present implementation, the acceptable /! is calculated
and stored in an array.)

For each iterate £ until £ max do

If k=0, then

Set A/ =72 and Ry/"F =Ry, for p=1,2 and each i=2,3,...,E.

Else

Post process the solution from iterate & to obtain f'""*™ and 2! at each

interior node point i.
End If
Solve (67) using A7, R%; (in the RH.S.) and 4;""**', ROV (in the L.H.S.) to
obtain ¢"*+1:k+2
Replace ¢"t1%*1 by current estimate ¢”+h4+2
If
|ent k2 entlk+l) < (test at end of loop or if k =k max) then exit
else continue
Replace ¢" with ¢"*!
End For.
End For.
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5.2. Test problems

In the test problems presented here, we assume that the convective velocity v>0 and diffusion
coefficient D>0 are constants in space and time. With these assumptions, and using (8) in
(1), the governing transport equation simplifies in dimensionless form to

dCp _p *Cp 0Cp

A - = — <AL
oT 0X2 X +Da1CD DaZCDs O\X\l, T#O (68)

where
X=x/L, T=vt/L, D*=D/vL, Cp=C/Cy, and Dy =RL/v, k=12 (69)

Here, Cj is an arbitrary non-dimensionalizing concentration and all other variables have been
defined previously. To facilitate the discussion of the numerical results, flux-limiter constraints
given by (29b) and (31) are provided here in dimensionless form as

0< <2 (70a)

jf-l 2 2 2(1*0(1)Dn 72(17062) n2
ali ai
(1-20)

0= BUE=0)

ﬂ?’giCohi(l ~0) B, -2 (70b)

where Coy;, B, and Dy, k=1,2 are given by (37)—(39). The latter two parameters are
related to the dimensionless variables in (69) in the following way

P.;=D*L/h and Dg=Dyh/L, k=1,2 (71)

where / is the grid spacing for the uniform grids used in the numerical examples presented
here.

5.2.1. Convection—diffusion-reaction case studies. The scheme is tested for the following
CDR problems:

Case I: Convective transport of an initial square wave with a decreasing solution.

Case 2: Convective transport of an initial square wave with an increasing solution.

Case 3: Convective-diffusive transport of a solute injected for a short period into the left
end of the problem domain; non-reactive and reactive solutes are considered.

Uniform grids are used with mesh sizes #=1/20 and 1/40. Results for grid Courant num-
bers of 3/8 and 3/4 are computed for both grids using non-dimensional time-step sizes of
AT =0.01875 and 0.0375 with the coarse grid, and AT =0.009375 and 0.01875 with the fine
grid. The non-dimensionalizing concentration is Cp=1. Limiter (13) is used for all calcula-
tions. Numerical results computed using new limiter constraint (70b) and the standard TVD
limiter constraint (i.e. (70b) with ;= D}, =D}, . =0) are compared with analytical solutions
for each case. When the numerical scheme is implicit with either 0>0 or o; >0 or o, >0,
nonlinear solutions are computed using 1 iteration only (2 solves per time step).

Case I: This simple test case can cause numerical difficulties (e.g. excessive numerical
diffusion and spurious oscillations) for many convection and convection-diffusion schemes.
The initial concentration profile is

Cpo=1 if 0.1<x;<0.3 and Cpg=0 otherwise
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For this case the system diffusivity is D* =1 x 10~ (a non-zero value for D* is specified to
avoid zero pivot values in the Gaussian elimination solver routine used to solve system (16b)
at each interaction step). The following simple non-linear reaction is considered:

R= — ,uC3/2 therefore Ry =0 and R, :uCI/z (72)

This non-linear rate expression represents a practical class of reactions sometimes involving
chain mechanisms [20]. The corresponding system Damkohler number is given by
L
D,=Dyp= (ucg/20> P = —pwey? (73)

In this case we consider a problem that has a relatively high rate of reaction to convection
and set u* =4.

Since D* is negligibly small, the analytic solution to Equation (68) is very close to the
solution to the pure hyperbolic case with D* =0. This limit case can be written with respect
to a reference frame that moves with the initial solution profile. That is,

dCp

a7
where material derivative dCp/dT is the time derivative in the moving reference frame
(characteristic frame). This expression can be integrated to yield ([20, p. 29])

Cho
[1+ Chg (u*/2)(T — Ty)P

where Cpy is the initial concentration profile at time 7 = 7.

We first demonstrate how the lack of positivity can occur if the standard TVD constraints on
the limiter are used. Figure 1 shows the exact (for the case D*=0) and computed solution
profiles at 7=0 and 0.3 for the new scheme and the standard scheme for grid spacing
h=1/20 and 1/40 and a Courant number Coy =3. These results were obtained from fully
explicit calculations with time-weighting parameters 0 =0 and o, =0. For both grid sizes,
the standard TVD scheme yields negative solution values at the trailing edge of the solution
profile whereas the solution obtained using the new scheme is positive everywhere. Both
numerical solutions are similar and slightly out of phase with the exact solution. As expected,
both the accuracy and propagation speed of the approximate solutions improve as the grid
spacing is decreased. It should be noted that negative solution values exhibited by the standard
scheme are nonphysical and unacceptable in (68). This is particularly true when the reaction
term has a nonlinear form such as in (72), which is not defined for negative concentration
values and thus will cause the numerical solution to abort. To avoid this problem with the
standard scheme, we set negative solution values to zero when evaluating the reaction term
in (68). We remark that this simple ‘fix’ is only used here to facilitate a comparison between
schemes and to show that the standard scheme will produce unacceptable negative solution
values.

The dependence of the solution profiles on 4, AT, and parameters 6 and o, is further
depicted in Figures 2 and 3. Numerical solutions, at 7 = 0.3, are presented for Courant numbers
Co;;=3/8 and 3/4. All results are shown to be positive, including those calculated with the
standard TVD scheme. Moreover, they tend to be slightly more diffusive with increasing

) (74)

Cp(T —To)=

(75)
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Figure 1. Square wave with decreasing amplitude at 7= 0.0 and 0.3 with Coy; =3/4, 0=0, 0, =0,
and 42 =1/20 (bottom) and #=1/40 (top).

h, increasing 6, and decreasing Coj,;. These results are consistent with those observed in
standard one-dimensional first-order and TVD upwind approximations to wave propagation
without reaction [24]. Results also indicate that increasing the implicitness of the reaction
term improves the propagation speed of the numerical approximation (Figure 2). Interestingly,
the new scheme and the standard scheme give identical results for all cases except the fully
explicit case presented in Figure 1. This behaviour can be easily explained for the implicit
reaction case shown in Figure 2 by the fact that according to condition (70b) when o, =1
the new condition reduces to the standard condition (recall that Ry =0 and D* ~0). The other
case in Figure 3 gives identical results because, as the solution becomes more diffuse, the
raw limiter value calculated from (13) always falls below the standard and new constrained
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—& — New Scheme
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X
Figure 2. Square wave with decreasing amplitude at 7= 0.0 and 0.3 with Coy; =3/4, 0=0, 0, =1,
and 2=1/20 (bottom) and 4~ =1/40 (top).

values at each grid point as illustrated in Figure 4. In this figure, results are depicted after 4

time steps (A7 =0.0375) for the case Co=3, h=1/20, 0=1 and o, = 1.

Case 2: In this case, the square wave increases in amplitude as it propagates in the positive
direction. The initial concentration profile is
Cpp=0.5 if 0.1 <x;<0.3 and Cpy=0 otherwise
and D* =1 x 10~°. The reaction rate expression is given by

R=u(C —C?) therefore Ry =y and R, = uC (76)
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Figure 3. Square wave with decreasing amplitude at 7=0.0 and 0.3 with Coy; =3/4, 0=1/2, 0p =1/2,
and 42 =1/20 (bottom) and ~=1/40 (top).

This expression represents population growth [19]. The system Damkohler numbers
corresponding to R; and R, are given by

L L
D1 = uCy = W, Dp= (,uCo v) Cp=pwCp (77)

Following the same line of development presented for Case 1, the characteristic solution for
the hyperbolic limit is given by ([19, p. 404])

Cpoeh™ (T=T0)

CD(T — TO): 1— CDO(I — e,u*(T*TO))

(78)
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Figure 4. Comparison of raw limiter values calculated from Equation (13) with the standard TVD limiter
constraint and the new limiter constraint (calculated from (44b) with R; =0, o, =1/2, 0=1/2, D=0).

The dependence of the solution profiles on 4, AT, and parameters 0, o, and o, is depicted in
Figures 5 and 6. Numerical solutions, at 7= 0.3, are presented for Courant number Coy; = 3/4.
Results obtained using a smaller Coy; exhibited the same trends presented in Case 1 and are
not presented here.

In this case, both the standard and new schemes produce positive results as shown in
Figure 5. The reason for this outcome in the fully explicit case can be explained by exami-
nation of equation (70b). Since D,j; > D,y; the correction to the standard constraint is always
positive or zero if o) =0, = 1. Hence, if this correction is neglected as in the standard scheme,
the condition for positivity will still be met. However, because the limiter values in general
differ slightly between the two cases, the results will also differ slightly as illustrated in Fig-
ure 5. As shown, the standard scheme is slightly more diffusive at the trailing edge of the
square wave, but it more accurately represents the peak concentration. Differences between
the two schemes reduce with decreasing grid spacing. Although not presented here, results
for 6=0 and o; =, =1 were again found to be identical for the new and standard schemes
since the new and standard limiter constraints are equal for this case. Finally, the behavior of
the solutions for different values of «; and o, are shown in Figure 6. The standard and new
schemes yield comparable results with the new scheme producing a concentration peak at the
leading edge of the wave. Both schemes yield solutions that travel too fast (a; =1, 0 =0)
or too slow («; =0, o =1) depending on the combination of reaction weighting. However,
for the case oy =1 and o, =0 the standard scheme produces negative results at the trailing
edge of the wave since (70b) becomes more restrictive for this case.

Case 3: In this test case we consider transport with stronger diffusion both with and without
reaction. For the reactive-transport case we consider first-order decay:
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Figure 5. Square wave with increasing amplitude at 7 = 0.0 and 0.3 with Co;,; =3/4, 0=0, o; =0, 0, =0
and 42 =1/20 (bottom) and ~=1/40 (top).

The corresponding system Damkohler number is

L
Doy =puCo - =p" (80)
At the left end of the problem domain a solute is injected for a short time 7'<0.15 into a

clean solvent, which is flowing left to right. The corresponding essential boundary and initial
conditions are:

Cp(0,T)=10<T<0.15, Cp(0,t)=0 T>0.15, Cp(1,T)=0 T>0
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Figure 6. Square wave with increasing amplitude at 7=0.0 and 0.3 with Coj; = %, 0=0, h=1/40
o1 =0, op =1 (bottom) and o; =1, o =0 (top).

and
Cp(X,0)=0

At sufficiently early times, the analytical solution to this test case, with and without reaction,
can be represented by well known analytical solutions for an infinite domain [25] and these
results are used here for comparative purposes.

For this test case D* =0.0025 so diffusion is not negligible. We first consider the case with-
out reaction. Numerical solutions, at 7 =0.2625 and 0.525, are presented for Courant number
Cop=2 on grids h=1/20 and 1/40 and for Courant number Coj =3/8 on grid /=1/40 in
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Figure 7. Solution profiles for convection—diffusion at 7=0.0 and 0.3 with Coj;; =3/4, 0=0,
and 2=1/20 (bottom) and 4= 1/40 (top).

Figure 7. All solutions are positive. Both the new and standard schemes yield comparable
and good explicit approximations to the exact solution, except the standard scheme develops
a local extremum in the solution at 7'=0.525. Note that the diffusion term in Equation (31)
becomes more important as the grid is refined, leading to increased potential for negative
or oscillatory solution behavior. Again, the new and standard schemes again yield identi-
cal solution profiles for implicit solutions since the raw limiter values are always less than
the constrained values. Finally, reducing the Courant number while keeping the grid spacing
fixed leads to an improvement in the accuracy of the solution profile and the new and stan-
dard schemes become indistinguishable (Figure 8). Also note that the local extremum in the
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Figure 8. Solution profiles for convection—diffusion at 7 =0.2625
and 0.525, Co,; =3/8, h=1/40, and 6=0.

solution no longer occurs, in part because the diffusion term in Equation (31) becomes less
significant as the leading term increases in magnitude because of the reduction in Coy;.

The preceding calculations were repeated for the case with reaction. The Damkohler number
is set to D,;=4. Figure 9 shows the solution profiles at times 7'=0.2625 and 0.525 for
Cohi:% and different values of 4. Results show trends similar to those presented earlier.
The new scheme produces solutions that are positive with better approximations of the peak
concentration. Further, the standard scheme produces small negative concentrations on both
grids (e.g. on the coarse grid, ¢(0.3,0.525) = —6.17 x 10~*). For the implicit reaction case (see
Figure 10), the new and standard schemes produced identical solution profiles for 7 =1/20
and slightly different solution profiles for #=1/40. In the latter case the new and standard
limiter values are slightly different because the diffusion term in constraint (31) becomes more
significant as the grid is refined.

5.2.2. Consistent mass finite-element test case. This final example illustrates in the present
context how the consistent mass-matrix Galerkin formulation for a model diffusion problem
can produce negative solution values if the lower bound time-step size constraint given by
(56) is violated. The issue of preserving positivity for the diffusion equation has also been
considered in recent work [17,26]. For this problem v=0, D*=1.0, §=1.0, and /» = 1/40.
The boundary and initial conditions for this standard model problem, are, respectively,

Cp(0,T)=1, Cp(1,T)=0, T=0
and
CD()(aO):O

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 41:151-183



TVD SCHEMES FOR REACTIVE TRANSPORT PROBLEMS 179

1.10
=——¢ — New Scheme
Exact at nodes
0.90 - —&—— Standard Scheme

Q
Q

0.00 0.10 020 030 040 050 060 070 0.80 0.90 1.00

X
1.10
=—¢ == New Scheme
Exact at nodes
0.90 A —8—— Standard Scheme

0.70
& 0.50 7
0.30
0.10 7
L

-0.10

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

X

Figure 9. Solution profiles for convection—diffusion—reaction at 7'=0.2625 and 0.525 with Co;; =3/4,
0=0, o =0, and A=1/20 (bottom) and % =1/40 (top).

At sufficiently early times, the analytical solution to this test problem can be represented by
the well-known analytical conduction solution for an infinite domain ([27, p. 60]).

From condition (56), we find that the consistent mass-matrix Galerkin finite-element approx-
imation to this simple problem must satisfy a minimum time-step size of AT >1.04 x 10~ in
order to guarantee a positivity preserving solution. Note that the upper bound on time-step size
is given by (66b). Table III presents illustrative results for the first ten grid points after four
time steps for AT =1.0 x 10~* and AT =12 x 10~*. Positive results were obtained at every
time step and grid point for the case where the time-step size condition was satisfied (column
5). Negative solution values were obtained when the time-step size restriction was violated
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Figure 10. Solution profiles for convection—diffusion—reaction at 7'=0.2625 and 0.525 with Coy; =3/4,
0=0, o =1, and h=1/40 (top) and ~=1/20 (bottom).

(column 3). Eventually, the negative solution values damped out as the solution evolved in
time.
6. EXTENSION TO MULTIDIMENSIONS
Here we briefly outline a simple approach for implementing the new scheme in higher di-
mensions. In this approach the algorithm is applied separately in each coordinate direction.
Consider the two-dimensional version of model equation (1) discretized in each direction as

in the 1D case where (2 is a spatial domain in SR%. For simplicity, we assume {2 is a rectangular
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Table III. Nodal solution results for consistent mass finite-element case.

Node CD CD CD CD

number X AT=10x10"* Exact AT=12x10"* Exact
1 0.00E + 00 1.00E + 00 1.00E + 00 1.00E + 00 1.00E + 00
2 2.50E — 02 2.71E — 01 3.07E — 01 3.00E — 01 3.51E — 01
3 5.00E — 02 248E — 02 4.12E — 02 391E — 02 6.24E — 02
4 7.50E — 02 —348E — 04 2.20E — 03 1.71E — 03 5.19E — 03
5 1.00E — 01 3.57E — 06 446E — 05 5.98E — 05 1.94E — 04
6 1.25E — 01 —3.23E — 08 3.34E — 07 1.89E — 06 3.19E — 06
7 1.50E — 01 2.74E — 10 9.14E — 10 5.64E — 08 2.27E — 08
8 1.75E — 01 —223E— 12 9.04E — 13 1.62E — 09 6.94E — 11
9 2.00E — 01 1.76E — 14 322E — 16 4.54E — 11 9.09E — 14

10 2.25E — 01 —1.36E — 16 4.09E — 20 1.25E — 12 5.06E — 17

domain with sides aligned with the x and y directions and subdivided into £ = E, x E, square
cells with h=x;y1 —x;, ie{l,2,...,E}, h=y1 — ¥, j€{1,2,...,E,} and the convective
fluxes in the x and y directions, vc and uc, are denoted by f, and f,, respectively. Following
an approach similar to that for the 1D case, we obtain the following sufficient conditions in
the x and y directions, respectively,

i 2hi; 4D (1 —a) 201 — ay)
s >/ - -~ e’ n n
0< ;i’j < Uxi’jAt(l - 0) ij’jh UXZj(l _ 9) l] ll]h szj(l — 0) 1/ 21Jh 2 (81)
0< /1sz< 21 —7) 4D | Al-m) SR C2(1-w)
i T A= 0) uyigh (1= 0) uy (1 —0)
(1 — )Ry h—2 (82)

where /, and A, denote the directional limiters and v weights terms according to the magnitude
of the flux gradient with 0<t<1. Note that even for the standard hyperbolic case without
reaction an extension of the 1D scheme to 2D obtained by simply applying the 1D scheme
in each coordinate direction will not guarantee positivity. This is because the leading terms
on the R.H.S. of (81) and (82) are in general a fraction of their 1D counterparts. A more
detailed treatment is provided in a subsequent study.

7. CONCLUDING REMARKS

We have presented TVD-like, flux-limited, finite-difference and finite-element schemes for
solving the scalar convection-diffusion-reaction equation. Sufficient conditions to ensure that
these schemes are positivity preserving have been derived based on standard linear algebra
concepts. The key contribution is analysis and construction of a flux-limiter constraint that
is designed to explicitly account for diffusion and reaction. Numerical examples show that
the new schemes are capable of producing both accurate and positive solutions. In particular,
numerical results demonstrate that the accuracy of the new and standard TVD-like schemes
are comparable but the new schemes have the advantage of guaranteed positivity. Both the
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new and standard schemes produce solution profiles that become increasingly smeared with
increasing 0. For the standard TVD scheme, the implicit cases tend to produce more diffuse
solution profiles that lead to raw limiter values that automatically satisfy the upper bound
provided by the new limiter constraint condition. Hence the standard TVD scheme produced
negative values for the explicit (@ =0y =ay =0) cases only. Moreover, we emphasize that
the conditions on time-step size, mesh spacing, and flux limiting that are derived here are
sufficient but not necessary for positivity. How well this finding holds for problems other than
the ones tested and for problems in multidimensions is not known. Finally, we have shown
that the consistent mass matrix form of the Petrov—Galerkin method will produce positivity-
preserving solutions only if the flux-limited scheme is both implicit and satisfies an additional
lower-bound condition on time-step size. We show that this result also applies to standard
Galerkin linear finite-element approximation to the diffusion equation.
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